An observer based control strategy is proposed for a flexible Cartesian (SCARA) Robot which is modeled as a flexible cantilever beam with a translational base support. A piezoelectric (PZT) patch actuator is bonded on the top surface of the flexible arm to apply a controlled moment for vibration suppression requirement. Utilizing three measurable quantities (i.e., the base displacement, arm tip deflection and the strain at the root end of the arm), a reduced-order observer is designed to estimate the velocity related variables, which are not measurable. A simple PD controller is selected for the moving base regulation control, while a Lyapunov function candidate based on a very simple energy relationship is utilized for the PZT input voltage to make the closed-loop system energy dissipative and hence stable. In this paper, the PZT input voltage control uses the velocity related signals estimated by the reduced-order observer, which makes the control structure simpler. The feasibility of the controller is validated by the numerical simulations and experimental results.
INTRODUCTION
The demands for high-speed performance and low energy consumption have motivated the use of lightweight robot manipulators in industrial applications. The lightweight and highly flexible nature of these robots, however, leads to a challenging problem in end-point trajectory control. The difficulty arises due to the flexibility distributed along the robot arm where an improved control technique is required to simultaneously track the desired trajectory and suppress the residual vibrations in the arm. Consequently, this control problem has attracted significant attention in the literature and resulted in the development of several control methods [1] [2] [3] [4] [5] .
It should be pointed out that many industrial robots, especially those widely used in automatic manufacturing assembly line, are either of SCARA or Cartesian types [6] . A flexible Cartesian (SCARA) Robot can be modeled as a flexible cantilever beam with a translational base support. Traditionally, a PD control strategy is used in industry to regulate the movement of the robot arm. The movement of the arm will cause the vibration at the arm tip because of the flexibility, which is not desirable. In order to eliminate the vibration, the PD control itself will not be sufficient. Ge et al. developed a PD plus strain feedback control strategy for the force exerted on the arm base [7] . Compared with the traditional PD controller, Ge's controller has better vibration suppressing performance. However, its vibration suppression performance does not satisfy the requirement in the high-precision manufacturing. A more efficient way to deal with this issue is to utilize a second controller such as bonding a piezoelectric (PZT) patch actuator on the top surface of the arm to apply a controlled moment for vibration suppression requirement.
Many exact (analytical) and approximate (numerical) models have been developed to predict the behavior of flexible beams incorporating PZT actuators and sensors [8] [9] [10] [11] [12] . These mathematical models consider the piezoelectric patches which are either bonded on the transverse surface or embedded in the beam, and assume linear strain in the actuator and a pure shear in the bond film [9] . Wang and Rogers considered the effective moment induced by the PZT actuator and presented the classical theory to predict the deformation of laminated plates with embedded strain actuator patches [10] . Considering the dynamic reaction and based on the Euler-Bernoulli beam theory, Wang and Quek presented the governing equations for a long and thin beam coupled with embedded piezoelectric actuators [11] . Ge, et al. presented a finite element method (FEM) for a robot with a rotating smart material arm, and developed the coupled equations for the beam and PZT using Hamilton's principle [12] .
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In this paper, a uniform flexible beam with embedded PZT patch actuator and subjected to translational support motion is considered. The control objective is to regulate the beam base movement while simultaneously suppressing the vibration transients in the beam. To achieve this, a simple PD control strategy is selected for the regulation of the movement of the base. A Lyapunov function based control design method is used to design the PZT voltage signal. The selection of energy-based Lyapunov function naturally results in velocity related signals which are not physically measurable. To remedy this, a reduced-order observer is designed to estimate the velocity related signals. For this, the control structure is designed based on the truncated two-mode beam model.
The rest of the paper is organized as follows. The system description and modeling of a single flexible link with a translational base are presented in Sections 2 and 3. Section 4 presents a Lyapunov function based controller with the reduced-order observer design. Section 5 discusses the implementation issues. Numerical simulations and experimental results are presented in Section 6 and 7, respectively, followed by concluding remarks and future directions in Section 8.
MATHEMATICAL MODELING
To model the Cartesian/SCARA Robot arm, we consider a uniform flexible cantilever beam with PZT actuator bonded on its top surface. As shown in Figure 1, 
where u, v, and w are the beam displacements in x-, y-, and zdirection, respectively. w denotes the transverse displacement of the mid-plane of the beam respect to the base and z represents the transverse direction. Utilizing the linear displacement for a beam element, the only non-zero strain is given by:
is a constant relating the charge per unit area to the strain, and
is the permittivity under constant strain. Using standard engineering notations and onedimensional deformation assumption, Eq. (6) within the piezoelectric layer, reduces to 
where p E is the PZT Young's modulus of elasticity, d 31 is the piezoelectric constant, and V(t) is the applied voltage to piezoelectric layer.
DERIVATION OF THE GOVERNING EQUATIONS
An energy method is used to derive the governing equations of the motion. The total kinetic energy for the beam and support is expressed , a ρ and c ρ are the beam and PZT volumetric densities respectively, m b is the moving base mass, and m t is the tip mass. Using the linear strain relationship (2), the beam strain energy is written as
is the moment applied by PZT, and c is the PZT voltage constant.
Using the Assumed Mode Model (AMM) for the beam vibration analysis, we have
The equations of motion can now be obtained using the Lagrange approach 
DERIVATION OF THE CONTROLLER
Utilizing equation (13) , the truncated two-mode for the beam combined with PZT model reduces to
where clearly indicates that the system has two inputs: ) (t M v and ) (t f a . Theorem: For the system described by (14) , if the control laws for the arm base force and the PZT voltage generated moment are selected as 
(21) Substituting PZT control law (16) into (21), the derivative of the Lyapunov function reduces to ( )
It is clear that 0 
, t h e n ∞ ∈ L g 4 . Using equations (29) 
The state-space representation of this system can be written as Bu Ax , the estimated value for 2 X can be designed as
, and
3×
∈ R H will be determined by the observer pole placement. Defining the estimation error as 2 2 2X X e − = (44) the derivative of the estimation error becomes 2 2 2X X e − = (45) Substituting equation (39), (42) and (43) into equation (45) and simplifying, it yields
In order to force the estimation error 2 e to go to zero, matrix F should be Harwitz and the following relations must be satisfied:
where F can be chosen by the desired observer pole placement. Once F is known, r L , H, and G can be determined utilizing Eqs. (47), (48) 
NUMERICAL SIMULATIONS
In order to show the effectiveness of the controller, a flexible beam is considered with PZT actuator attached on beam surface. The system parameters are listed in Table 1 . We take the control gains Figure 2 shows the result for the beam tip displacement without PZT control (i.e., only with PD control for the base movement regulation). The significant beam vibrations are clear. The system response to the proposed control with piezoelectric actuator based on the two-mode is shown in Figure 3 . It shows that the beam vibration can be suppressed significantly utilizing the PZT actuator. The PZT voltage control signal V(t) is shown in Figure 4 , in which the voltage signal ranges from -50V to 50V, is practically implementable.
In order to show the effect of the PZT control voltage in suppressing the undesirable vibration in arm, we compare our controller with cases where only one control input is applied on the base. For the purpose of comparison, the control strategy developed by Ge et al. [7] is applied to the beam model considered here. They used only one controller, which is the force exerted on the arm base, as 
It should be noted that these gains are the best to suppress the vibration. Figure 5 shows the performance of this controller, where residual vibrations are noticeable. Although the controller depicted in Figure 5 (with only one control) can regulate the movement of the arm and suppress the arm vibration to some extent, its control effect is not so good as the controller proposed in this paper presented in Figure 3 . 
CONTROL EXPERIMENTS
In order to better demonstrate the effectiveness of the controller, an experimental setup is constructed and used to verify the numerical results. The experimental apparatus consists of an electro-mechanical system plant, the data acquisition/amplifier, and the control systems. As shown in Figure 6 , an Aluminum beam is clamped to the base with strain gauge and PZT patch actuator bounded on it. A shaker applies the force to the base with a connecting rod and two laser measurements are utilized to measure base and beam tip displacement. The experimental setup parameters are listed in Table 1 . The experimental tip displacement for both cases (i.e., without PZT control and with PZT control) are depicted in Figure 7 . We can see that with PZT control, the arm vibration is suppressed after about 1 second. Without PZT control, the arm vibration lasts for more than 7 seconds. The experimental results are agreeable with the simulation results. The slight difference is caused by the limitation of the experimental equipment and unmodeled dynamics in the model. However, it is still very apparent that the PZT voltage control can substantially suppress the arm vibration.
CONCLUSIONS
In this paper, a reduced-order observer based controller has been presented for a flexible cantilever beam with PZT patch actuator attachment and subjected to a moving base. A simple PD controller is selected for the moving base input force and the PZT voltage control is designed based on Lyapunov theory to make the closed-loop system energy dissipative and hence stable. A reduced-order observer is designed to provide the velocity signal to the PZT voltage control, which makes the control structure simpler and easier to implement. Numerical simulations and the experimental results presented here have demonstrated the effectiveness of the proposed controller. 
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